Abstract. We prove that if an open map f : X −→ Y of compacta X and Y has perfect fibers and Y is a C-space, then there exists a 0-dimensional compact subset of X intersecting each fiber of f . This is a stronger version of a well-known theorem of Kelley. Applications of this result and related topics are discussed.
Introduction
All spaces are assumed to be separable metrizable. By a perfect set we mean a set with no isolated point. C-spaces have been of considerable interest in infinite dimensional topology. On the one hand they pick up some nice properties of finite dimensional spaces. On the other hand the class of C-spaces is significantly larger than the class of finite dimensional spaces; it includes countable dimensional spaces and even infinite dimensional spaces which are not countable dimensional. If a space is not a C-space, then it behaves in many aspects as a strongly infinite dimensional space. For example if a compactum X is not a C-space, then it contains a compactum which is hereditarily not a C-space (see [2] and [3] ).
C-spaces are weakly infinite dimensional and it is still unknown if the class of C-spaces coincides with the class of weakly infinite dimensional spaces. For more information on C-spaces see [1] .
The main result of this paper is: 
where almost all=all but a set of first category). Theorem 1.2 generalizes a well-known theorem of Kelley [7] which assumes that f is open monotone and onto with non-trivial fibers and Y is finite dimensional. Another example of a map not satisfying the conclusions of Theorem 1.2 was given by Kelley [7] . He showed that for an open monotone map f : X −→ Y of a hereditarily indecomposable continuum X of dim≥ 2 such that the fibers of f are non-trivial and sufficiently small, there is no closed 0-dimensional subset of X intersecting each fiber. By Theorem 1.2, Y must be not a C-space.
The approach for proving Theorem 1.2 can be combined with the approaches and results of [6] and [4] to obtain the following theorem which we state without a proof.
The question whether or not C(X) is infinite dimensional for a 2-dimensional continuum X was a long standing open problem which was answered in the affirmative in [6] . Theorem 1.4 improves this result.
Proofs
Let us say that a sequence l = (l 1 , l 2 , ...) of integers dominates a sequence V 1 , V 2 , ... of families of subsets of a space X if each element of V i intersects at most l j elements of V j for every j ≤ i. We also say that l dominates X if for every sequence 
Proof of Proposition 2.1. Let r(m)
be an integer such that each m-dimensional compactum admits an arbitrarily small cover such that every element of the cover intersects at most r(m) elements of the cover. r(m) exists, since each m-dimensional compactum can be embedded in Euclidean space of dimension 2m + 1.
Let X be a C-compactum and let U i be a sequence of open covers of X. Then there exists a finite sequence V 1 , ..., V n of finite families of closed disjoint sets of X such that V = V i covers X and V i refines U i .
We are going to define a sequence l = (l 1 , l 2 , ...) and to replace each V ∈ V i by a finite family of closed sets F V such that {F : F ∈ F V } = V and for
We construct V i and l i by induction. Set V 1 = V 1 and l 1 = 1, and assume that by (l 1 , l 2 , . .., l i+1 ) and the proposition follows.
Proposition 2.2. Let f : X −→ Y be an open map of compacta with perfect fibers.
Then for every > 0 there exists a sequence > 1 > 2 > ... such that for any point x ∈ X and any finite family of sets
Proof of Proposition 2.2. We will construct i by induction. Assume that we have determined 1 , 2 , ..., i such that for any point x ∈ X and any family of sets
The following construction for i+1 also applies to 1 
Since f is open with perfect fibers and X is compact, one can take i+1 so small that 0 < i+1 < (1/2 i+1 ) and for each x ∈ X there exists 
i+1 ) and we are done.
Proof of Theorem 1.2. Following [7] we will show that for > 0 the family M = {M ∈ 2 X : the components of M are of diam< and 
..} such that the elements of V i1 appear before the elements of V i2 for i 1 < i 2 . Let us assign for every W ∈ W the index i(W ) for which W ∈ V i(W ) .
For each W j we will choose by induction a closed set
Assume that we have constructed G 1 , G 2 , . .., G j . The following construction for G j+1 is also applicable for choosing G 1 .
Take 
V ∈ V} is closed and 0-dimensional, and for every x ∈ X there exists
Denote Z = Z 1/n . Z is 0-dimensional and F σ . Hence there exists a map
is a perfect subset of I. Define a decomposition q y of f −1 (y) as follows. Two points x 1 , x 2 ∈ f −1 (y) are in the same element of the decomposition if either h(x 1 ) = h(x 2 ) or h(x 1 ) and h(x 2 ) are adjacent end points of C y , that is, for a =min{h(x 1 ), h(x 2 )} and
The decompositions q y , y ∈ Y , form the corresponding decomposition of X which we denote by q. q is an upper semi-continuous decomposition and we will regard q as the quotient map q : X −→ Q to the quotient space Q. Clearly for each y ∈ Y , q(f −1 (y)) is an arc. A map p of a compactum P is said to be a Bing map if every continuum contained in a fiber of p is hereditarily indecomposable. It is proved in [5] that every compactum admits a Bing map to the unit interval I (moreover, almost all maps in the function space C(P, I) are Bing maps).
Let p : Q −→ I be a Bing map. Since for y ∈ Y , q(f −1 (y)) is an arc, p(q(f −1 (y))) is not a singleton. (x) )) for x ∈ f −1 (y). Then g has the required property and the theorem is proved.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
